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Abstract
The orientifolds of SU(2)/U(1) gauged WZW models are investigated. The D-branes
in SU(2)/U(1) WZW models are investigated by Maldacena, Moore and Seiberg and
they determine the geometry of the branes. They also construct new types of D-branes
other than so called Cardy type branes. In this paper we identify the geometry of the




In recent years the D-branes attract much attention to investigate several aspects of su-
perstring theories. Much of the studies of D-branes are done in the flat background and it is
natural to extend the analysis to the curved background. In the case of WZW models, the
study of D-branes was started about ten years ago [1, 2]. Recently the geometrical aspects of
D-branes in WZW models are investigated in [3, 4, 5, 6, 7, 8] and the stability of D-branes
are investigated [9, 10, 11, 12].
The D-branes are described by so called boundary states in the conformal eld theory and
we can analyze perturbatively. It is known that the orientifolds also can be expressed by the
crosscap states [13, 14] in the conformal eld theory, however the orientifolds are not much
investigated like D-branes. Nevertheless it is important to study the orientifolds because the
orientifolds can be used to study the string duality and to construct the conguration with
less supersymmetry. The orientifolds of WZW models were studied in [15, 16, 17, 18, 19, 20]
by the algebraic method. Very recently, the geometrical aspects of the orientifolds of WZW
models are studied in [21, 22, 23, 24] and it is interesting to apply to the other congurations.
In this paper we will consider the orientifolds in the parafermionic theories, which are
obtained by the SU(2) WZW models gauged by the U(1) sector, e.g. SU(2)/U(1) coset WZW
models [25]. These theories appear in superstring theories on some background. For example,
the near horizon geometry of NS5-branes can be described by the geometry [26, 27, 28]
R
1,5 Rφ  S3 , (1.1)
where R1,5 is the space parallel to the NS5-branes. The radial direction Rφ is given by
the Liouville theory and S3 can be described by the SU(2) WZW models. Moreover the
parafermionic theories are used to describe the string theory on two dimensional black hole
[29] or singular Calabi-Yau manifolds [30, 31], which can be described by the SL(2,R)/U(1)
WZW models.
The study of D-branes in SU(2)k/U(1)k WZW models was started by [32] in the context
of Gepner models and the geometrical picture of D-branes in the parafermionic theories was
given in [33]. Some branes which preserve maximally symmetry can be obtained in the
rational conformal eld theory by Cardy construction [2], which will be called as A-type
branes followed by [33]. The authors of [33] also construct new types of (B-type) boundary
states which can not be obtained by Cardy construction. It can be shown that the Zk orbifold
of parafermionic theory is T-dual to the original theory. Therefore we can construct B-type
boundary states by applying Zk orbifold and T-duality. For example, in U(1) WZW model,
A-type boundary states represent the branes satisfying Dirichlet boundary condition and B-
1
type boundary states represent the branes satisfying Neumann boundary condition. In the
parafermionic theory, the target space is given by the disk with radius one. In the paper
[33], A-type branes are determined as D0-branes at the boundary of the disk and D1-branes
connecting the points of the boundary. Moreover B-type branes are determined as D0-brane
and D2-branes at the center of the disk. The recent developments about D-branes in coset
WZW models are given in [34, 35, 36, 37, 38, 39, 40, 41].
In this paper we investigate the orientifolds in the parafermionic theories. In the general
rational conformal eld theory, several types of Cardy crosscap states are known [15, 16, 17, 18]
and they are related by the simple currents [19, 20]. In the parafermionic theory we have
level two simple currents and hence two types of Cardy crosscap states are constructed. We
shall show that just as the D-brane case we can construct \B-type" orientifolds by using Zk
orbifold and T-duality, thus we get totally four types of orientifolds. Two A-type orientifolds
are O0-plane at the boundary of the disk and O1-plane connecting the points of the boundary.
Two B-type orientifolds are O0-plane at the center of the disk and O2-plane wrapping the
whole disk.
The organization of this paper is as follows; in section 2, we review the known results of
orientifolds which are constructed by the crosscap state technique. The amplitudes between
the boundary states or the crosscap states can be seen in the direct channel by modular
transformation. It is very important consistency condition that there appears only integer
degeneracies in the direct channel. In section 3, we investigate the orientifolds of the simplest
case, namely, U(1) WZW models. We can construct B-type orientifolds from A-type ones
even in this case. The orientifolds of U(1) WZW models are the well-known ones in the one
dimensional free bosonic theory; A-type ones can be identied as O0-planes and B-type ones
as O1-plane. In section 4, we construct the orientifolds in the parafermionic theory. As we
said above, we have four types of orientifolds and we examine the spectrum in the direct
channel of the amplitudes. The geometry of orientifolds can be seen by the spectrum or the
scattering with the closed string states as we explain in appendix B. In section 5, we extend
the analysis to the supersymmetric case and obtain the similar results to the bosonic theory.
We also discuss the stability of the orientifolds by reading the spectrum in the direct channel.
Section 6 is devoted to the conclusions and discussions. In appendix A, the several functions
and their modular transformations are denoted. In appendix B, we review the method to
determine the geometry of branes by scattering the closed string states [33] and identify the
shapes of orientifolds by applying this method.
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2 General Analysis of Crosscap States
In the presence of orientifolds, the partition functions can be obtained by the Klein bottle
worldsheet in addition to the torus one. If we add the open string sector, we have to consider
the Mo¨bius amplitudes and of course the annulus amplitudes. These amplitudes have to
satisfy the constraints corresponding to the modular invariant. In this section, we use the
rational conformal eld theory and we later analyze the specic models.
The modular invariant condition of the torus amplitudes is well-known. The torus ampli-





where we use χi(q) as the character of representation i and the moduli q = exp(2piiτ) and
~q = exp(2pii(−1/τ)). The torus amplitudes must be invariant under modular transformation,









jj′ = Zi′j′ . (2.2)
The famous ones are given by the charge conjugation modular invariant Zij = δi,j∗ and the
diagonal modular invariant Zij = δi,j. The analysis of orientifolds is usually given in the
charge conjugation modular invariant, however we will use the diagonal modular invariant in
the subsequent sections.
When applying the orientifold projection, we have to add the Klein bottle amplitudes.
The orientifold operation is given by the combination of the worldsheet orientation reversal
(Ω : σ ! 2pi− σ) and the space Z2 isometry (h). Then the Klein bottle amplitudes are given
by




where we dene Hc =
1
2
(L0+ ~L0− c12) and c is the central charge of the model. The coecients
Ki are the integers and they are related to how the elds behave under the orientifold opera-
tion, which must be consistent with OPEs of the elds[18]. The modulus of the Klein bottle
is ~τ = 2it and S transformation exchange the direct channel and the transverse channel. In
the transverse channel, the Klein bottle amplitudes are given by the overlaps between the
states called as crosscap states





The coecients Γi are obtained by the one point amplitudes with closed string i and the
coecients Γi determine the crosscap states. The equations (2.3) and (2.4) are transformed






which is the important condition to construct the crosscap states.








where a, b are the labels of the boundary conditions, in other words, the labels of D-branes.
The coecients Aiab are the non-negative integers. The transverse channel can be obtained
by the amplitude between the boundary states [1, 2] which describe D-branes






where Bia are the one point disc amplitudes with the boundary condition a. The S trans-










The analysis of Mo¨bius strip amplitudes is a little more complicated than the other cases.
It can be seen that the following characters are convenient to study the Mo¨bius strip ampli-
tudes
χ^j(q)  e−pii(hj− c24 )χj(−pq) . (2.9)
The transformation from the direct channel to the transverse channel can be obtained by the



















T is defined by the square root of the phase shift under the T transformation.
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The modulus of Mo¨bius strip can be assigned by ~τ = 2it and P transforms t! 1/(4t). The







where there is only one boundary condition a and the coecients Mia are the integers. The
amplitudes in the transverse channel are obtained by the amplitudes between the crosscap
states and the boundary states












The presence of P matrix in this equation makes things dierent from the case of the boundary
states.
Moreover we have to care about so called completeness conditions [16]. The following set
of crosscap states and boundary states which obey all consistency conditions was obtained






























Y i0,0χi(q) , Aab(q) =
∑
i
N ia,bχi(q) , Ma(q) =
∑
i
Y ia,0 χ^i(q) . (2.18)
Let us see the example of SU(2)k WZW models. The Y matrices are given as
Y i0,0 = (−1)i , Y ia,0 = (−1)2a(−1)iN ia,a , (2.19)
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(1) O0-plane (2) O2-plane
Figure 1: The geometry of orientifolds of SU(2) WZW models. (1) The boundary state of the
type (2.15) describes two O0-planes located at the opposite points of S3. (2) The boundary
state of the type (2.22) describes O2-plane whose geometry is S2 at the equator of S3.
and fusion matrices are
N li,j =

 1 ji− jj  l  minfi+ j, k − i− jg , i+ j + l 2 Z0 otherwise (2.20)
The orientifolds in this model were investigated geometrically in [21, 23, 23] and this type of
orientifold is identied as O0-planes, see gure 1.
The other kind of orientifolds are elegantly expressed by using the simple current technique
[19, 20]. The simple currents are the elds J which satisfy2
J  i = i0 ( 8i) . (2.21)
The trivial simple current is identity 0 and then i0 = i. For SU(2)k WZW model, there is a
non-trivial simple current J = k/2 and then i0 = k/2− i. By applying simple currents to the
previous results, the set of crosscap states and boundary states which satisfy all consistency








We have changed also boundary states in the above equation for convenience, in fact these




Y iJ,Jχi(q) , Aab(q) =
∑
i
N Jia,b χi(q) , Ma(q) =
∑
i
Y ia,J χ^i(q) . (2.23)
2We only analyze level 2 simple currents, namely, J  J = 1. The level N simple currents can be used to
construct the crosscap states in SU(N) WZW models [19].
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and this type of orientifold corresponds to O2-plane at the equator of the S3 [21, 23, 23], see
gure 1. We have not known yet that the above boundary states are all possible types of
orientifolds. In fact, we shall construct other types of orientifolds in the following sections.
3 U(1) WZW Theories and Orientifolds
In the previous section, we have reviewed the crosscap states in the rational conformal
eld theory. In this section, we study the orientifolds of U(1)k WZW model. It can be seen
that the Zk orbifold of this theory is T-dual to the original theory, therefore we can apply the
construction proposed by [33] to the orientifolds. We shall show that the orientifolds which
correspond to the solution (2.15) constructed in the previous section are O0-planes. Then we
construct the B-type orientifold by applying Zk orbifold and T-duality and it can be identied
as O1-plane wrapping the whole line. In the next subsection, we investigate the closed strings
and D-branes in U(1) WZW models, and in subsection 3.2, we construct the orientifolds.
3.1 U(1) WZW Models and D-branes
The U(1)k WZW model has the current J = i
p
2k∂X and the primaries n(X) =
exp(i np
2k
X) whose labels represent their U(1) charges and their conformal weights are hn =
n2/(4k). The label n is dened modulo 2k and we take −k+1,−k+2,    , k. The characters
are dened as















Their modular transformations are given by
















This theory is same as the one free boson theory with radius
p
2k where α0 = 2.
This theory has Zk global symmetry under the transformation
g : n ! e2piin/kn , (3.5)
and we can take the orbifold by this transformation. The most general modular invariants
are given by Zl orbifold procedure (k = ll




ψn(q)ψn¯(q) , n+ n = 0 mod 2l , n− n = 0 mod 2l0 . (3.6)
From these modular invariant combinations, we can see that the original U(1)k WZW model
is T-dual to its Zk orbifold model since ψn = ψ−n.
It is well-known that there are two types of D-branes in the U(1) WZW model. The open
strings on the one type of D-branes obey Neumann boundary condition and the ones on the
other obey Dirichlet boundary condition. We will call the Dirichlet condition as A-type and
the Neumann one as B-type. The D-branes are represented by the terms of the boundary
states. The general boundary states which satisfy A-type boundary condition J(z)+ ~J(~z) = 03
are given by Ishibashi states [1]








∣∣∣∣r + 2klp2k , r + 2klp2k
〉
. (3.7)
The label r runs −k+1,−k+2,    , k. The boundary states corresponding to D-branes have










e−piinˆn/kjA, n, niI . (3.8)
These states describe D0-branes and their locations are represented by the label n^ = −k +
1,−k+2,    , k. The Zk symmetry corresponds to the rotation of the circle and g transforms
jA, n^i to jA, n^− 2i. The annulus amplitudes between A-type branes are given by
A = ChA, n^j~qHcjA, n^0iC = ψnˆ−nˆ′(q) . (3.9)
In non-Abelian WZW models, A-branes correspond to the maximally symmetric branes which
are widely investigated.
3The boundary condition is assigned in the closed string channel and we use the notation J = i
p
2k∂X
and J˜ = −ip2k∂˜X .
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Dirichlet condition is described by the currents as J(z) − ~J(~z) = 0 and B-type Ishibashi
states are given by















We should note here that there are only r = 0, k states in the bulk spectrum. The Cardy
states in this case are given by





(jB, 0, 0iI + ηjB, k,−kiI) , (3.11)
where the coecients are chosen to have the consistent open spectrum. These boundary states
describe the D1-branes and η represents the Wilson line. These states can be also obtained
by using Zk orbifold and T-duality [33]. To get the boundary states in this orbifold theory,
we sum over all image branes generated by gm (m = 0, 1,    , k−1). The amplitudes between
B-type branes are obtained as






The amplitudes between A-type and B-type branes have the dierent open string spec-
trum. The amplitudes of Ishibashi states are given by
IhA, n, nj~qHcjB, r,−riI = δn,0δr,0χND(~q) , (3.13)





















Using these characters, the annulus amplitudes are obtained as
A = ChA, n^j~qHcjB, ηiC = χ0ND(q) . (3.16)
It can be seen that the character χ0ND correctly reproduces the spectrum of open strings which
satisfy Neumann-Dirichlet boundary condition.
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3.2 Crosscap States in U(1) WZW Models
Next we shall construct the crosscap states which represent the orientifolds. The most
famous example is the Type I string theory which can be regarded as the system with O9-
orientifolds of Type IIB string theory. Applying (9 − n) T-dualities to O9-planes, we have
On-planes. Therefore we have O0-planes and O1-planes in our U(1) WZW models.
To construct the crosscap states, we have to obtain P matrix in U(1) WZW model as
explained in the previous section. It is useful to calculate the next quantity by using the












































(1 + i)(1− i−κ)pκ , (3.18)





where Ek+m+n is the projection to the even elements (2.11).
In the presence of orientifolds, we have to add some conditions to the right and left moving
currents just like the boundary conditions. In our case, these conditions are written as
(Jn  (−1)n ~J−n)jOi = 0 . (3.20)
We call the crosscap states obeying the (+) condition as A-type and the ones obeying the
(−) condition as B-type. The Ishibashi crosscap states can be easily constructed and A-type
ones are












where the label r runs −k + 1,−k + 2,    , k. This type of crosscap states are the ones






jOA, n, niI . (3.22)
The Klein bottle amplitude can be obtained by using the crosscap states as
A = ChOA, n^j~qHcjOA, n^iC = ψ0(q) + (−1)nˆ+kψk(q) . (3.23)
We can see that this is the appropriate orientifold projection because there is the summation
of the \winding number" l in the character (3.2). From this reason, this crosscap state can
be identied with O0-orientifolds.
The Mo¨bius strip amplitudes can be given by the amplitudes between the boundary states
and crosscap states. If we use A-type boundary states we obtain
M = ChA, n^j~qHcjOA, n^0iC = ψ^2nˆ−nˆ′(q) . (3.24)
This amplitude shows that the positions of orientifolds are the same points of D-branes with
the label n^ = n^0/2, n^0/2 + k in the even n^0 case. The odd n^0 orientifolds are located at the
middle point between n^ = (n^0− 1)/2 and n^ = (n^0+1)/2 and the opposite points of the circle.
These points correspond to the xed points under the reflection. In fact, the amplitudes with
mirror branes are
A = ChA, n^j~qHcjA, n^0 − n^iC = ψ2nˆ−nˆ′(q) , (3.25)
whose spectrum is same as in the Mo¨bius strip amplitudes.
The calculation of the amplitudes with B-type boundary states needs P transformation











and the modular transformation of η functions (A.2), we get
χ^ND(~q) = χ^ND(q) , (3.27)
namely, P = 1. Hence we can get the amplitudes as
M = ChB, ηj~qHcjOA, n^iC = Enˆ+kχ^ND(q) . (3.28)
This is the spectrum of the open strings between D1-brane in the system with O0-planes.
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(1) Boundary State (2) Crosscap State
α Ωhg g
Figure 2: Boundary states and crosscap states in g twisted sector. (1) Boundary conditions
are denoted by α, which must be invariant under the operation g. (2) Opposite points of
crosscap states must be related by Ωh, where (Ωh)2 = g.
The B-type orientifolds can be constructed in the similar way as B-type branes. The
Ishibashi crosscap states obeying the condition (3.20) with (−) are given by










∣∣∣∣r + 2klp2k ,−r + 2klp2k
〉
, (3.29)
with r = 0, k which is same as the B-brane case. The Cardy crosscap states in this case can
be obtained by using Zk orbifold and T-duality. In g twisted sector, the orientifold operation
Ωh must be (Ωh)2 = g [42], see gure 2. g1/2 generates the half sift of g action to the branes
and the states jOA, n^i are transformed to the states jOA, n^− 2i. Summing over all image





jOA, 2m^iC = (2k)1/4jOA, 0, 0iI . (3.30)
In odd k case, we can use the odd m^ crosscap states instead. Applying T-duality, we can get
the B-type crosscap state as
jOBiC = (2k)1/4jOB, 0, 0iI , (3.31)
which is the same as the usual crosscap states forO1-plane. In fact, the Klein bottle amplitude
is given by




which is the summation of the states with all momentum. The Mo¨bius strip amplitudes with
B-type boundary states can be obtained as





and the amplitudes with A-type boundary states are given by
M = ChA, n^j~qHcjOBiC = χ^ND(q) , (3.34)
where we use the P transformation of χ^ND (3.27).
In summary, we can construct B-type orientifolds as well as A-type orientifolds by using Zk
orientifold and T-duality. A-type orientifolds correspond to O0-planes and B-type orientifold
corresponds to O1-plane. It is the important consistency condition that the spectrum of the
amplitudes in our system has integer degeneracies.
4 SU(2)/U(1) WZW Models and Orientifolds
In this section, we will construct the orientifolds of SU(2)k/U(1)k WZW models. In
contrast to the orientifolds of U(1) WZW models, there are two types of A-orientifolds given
by the solution (2.15) and (2.22). They can be determined as O0-planes at the boundary
of the disk and O1-plane connecting the boundary points. Furthermore, applying the Zk
orbifold and T-duality, we can get two types of B-orientifolds, which are O0-plane and O2-
plane at the center of the disk. In the next subsection, we study the closed strings in the
parafermionic theory and construct D-branes followed by [33]. In subsection 4.2, the crosscap
states in parafermionic theory are constructed.
4.1 SU(2)/U(1) WZW Models and D-branes
The parafermionic theory can be described by the SU(2)k/U(1)k coset WZW model [25]
which is dened by gauging U(1) sector in the SU(2) WZW models. We denote the Hilbert
space of SU(2)k WZW model as HSU(2)j,m , where j is the Casimir number and m is the J30
eigenvalue of the highest weight representation. These values take j = 0, 1/2,    , k/2 and
m = −2j,−2j + 1,    , 2j. We also denote the parafermionic Hilbert space as HPFj,n , where
j = 0, 1/2,    , k/2 and n 2 Z2k and U(1) Hilbert space of momentum n is denoted as HU(1)n .
These Hilbert spaces are related as
HSU(2)j,m = HPFj,m ⊗HU(1)m . (4.1)
The right hand side does not include all Hilbert space, in fact, the parafermionic Hilbert space
has the following identication
HPFj,n = HPFk/2−j,n+k , (4.2)
13
which will be often called as the \spectral flow" identication. There is also the relation be-
tween j and n as 2j+n 2 2Z. From now on, we will call the distinct irreducible representations
as PF (k).




j (τ, z) =
k∑
n=−k+1
χj,n(τ)ψn(τ, z) , (4.3)
which have the following identities as
χj,n(q) = χj,−n(q) = χk/2−j,k−n(q) . (4.4)















2j  n  2k − 2j ,
(4.5)
where we use n = −2j,−2j + 2,    , 2k − 2j − 2. The modular transformations of the
parafermionic characters are given by




































where we dene δ(2k) modulo 2k.





Moreover the orbifold procedure under the global Zk symmetry
g : j,n ! e2piin/kj,n (4.10)
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gives other modular invariants. The torus amplitudes of Zl orbifolds (k = ll





χj,n(q)χj,n¯(q) , n− n = 0 mod 2l , n+ n = 0 mod 2l0 . (4.11)
Just as the U(1) case, the Zk orbifold and T-duality gives the same spectrum because of the
character identities (4.4).
Next we study D-branes in the parafermionic theory. It was found in [33] that there are
two types of branes, which are called as A-type and B-type branes. A-type branes correspond
to the solution (2.15). Using A-type Ishibashi states jA, j, niI , they can be constructed as






jA, j, niI . (4.12)
The annulus amplitudes between these A-type boundary states can be calculated by using
the Verlinde formula as






In appendix B, we study the geometry of the target space of parafermionic theory and de-
termine the geometry of the branes. The target space is given by the disk with radius one
and the geometry of the branes can be determined by scattering with the closed string states
[33]. The boundary states with j^ = 0 describe D0-branes at k special points of the boundary
of the disk and the general j^ states connect 2j^ separated points, see gure 3. The rotation of
the disk gives the states with dierent n^.
The B-type branes can be constructed by using Zk orbifold procedure and T-duality from
A-type branes. The Zk orbifold projects to the states with n = 0, k and we will only use n = 0
states by making use of the spectral flow identication (4.2). The T-duality in parafermionic
theory can be realized by the operator exp(piiJ10 ). We can see that this operator changes j,n




−piiJ10 = −J30 . (4.14)
In this way, we can dene the B-type Ishibashi crosscap states as
(1⊗ epiiJ˜10 )jjiSU(2)I =
k∑
r=−k+1
jB, j, r,−riPFI ⊗ jB, r,−riU(1)I , (4.15)
where jB, r,−riU(1) are (3.10). By combining the Zk orbifold procedure and T-duality, the
Cardy states can be constructed from these Ishibashi states as






jB, j, 0, 0iI , (4.16)
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(1) A-brane (3) B-brane(2) A-branes in orbifold
Figure 3: The geometry of D-branes in SU(2)k/U(1)k WZW model with k = 8. The line in
gure (1) describes A-type D1-brane with j^ = 3/2. The summation of image branes is given
in gure (2). Applying T-duality, we obtain B-brane with j^ = 3/2 as gure (3).
and the annulus amplitudes between two B-branes are calculated as







The geometry of B-branes is given in gure 3. From A-branes we can construct B-branes by
summing all image branes and taking T-duality. Therefore we can see that the state with
j^ = 0 corresponds to D0-brane at the center of the disk and the states with the general
j^ correspond to D2-branes. In even k case, we can construct j^ = k/4 state and there are
two identity states among the open string spectrum in the amplitudes. Therefore we need
to redene this state to be the irreducible one, however we do not deal with this state for
simplicity and analyze only general j^ 6= k/4 B-branes.
The annulus amplitudes between A-type and B-type branes are obtained by using the
overlaps between Ishibashi states





j (q, z = 1/2)
χND(q)
. (4.19)


















(1− qn−1/2) . (4.21)
Now we can get the amplitudes as




jˆ,jˆ′ ~χj(q) . (4.22)
4.2 Crosscap States in SU(2)/U(1) WZW Models
Now we turn to the orientifolds of parafermionic theory. We shall see that there are four
types of orientifolds. Two types of them are the solutions (2.15) and (2.22), which correspond
to A-type orientifolds. The other two types of orientifolds are obtained by Zk orbifolds and
T-duality from the two types of A-orientifolds just as the construction of B-branes.
Before constructing the crosscap states, we have to know the explicit form of P matrix.








































where we use P j
′
j for SU(2) P matrix and P
n′








In the last line, we used that
χ^k/2−j,n+k(q) = (−1)j−n/2χ^j,n(q) , (4.25)
since we have dened the character as (2.9) and the conformal weights are given by (4.5).























which will be often used in the calculation.
Now we can construct the crosscap states of parafermionic theory. The crosscap states of
(2.15) are obtained by using parafermionic P matrix (4.26) as





jOA, j, niI , (4.28)
where jOA, j, niI are Ishibashi crosscap states. The P matrices restrict to the label n^ 2 2Z.
The Klein bottle amplitudes can be calculated as
K = Ch0A, 0, n^j~qHcj0A, 0, n^iC =
k/2∑
j=0
χj,0(q) + Ek(−1)nˆ/2χk/4,k/2(q) . (4.29)
The rst term has only n = 0 sector in contrast to the U(1) case (3.23) because of the spectral
flow identication (4.2). The last term exists since it is the xed point of the spectral flow.
The Mo¨bius strip amplitudes between A-branes and A-orientifolds can by obtained after
some calculation as











The following formula for SU(2) Y matrix is useful to show the above equation
Y
k/2−l
i,k/2−j = (−1)l−j−2iY li,j . (4.31)
From the above amplitudes (4.30), we can see that the mirror image of A-brane is jA, j^, n^0 − n^i,
in fact,






where the spectrum is same as the Mo¨bius strip amplitudes. We can identify the orientifolds
as O0-planes at the boundary of the disk in appendix B by scattering with the closed string
states (see also gure 4). This result can be seen by the other way as follows. In SU(2) WZW
models, this type of crosscap state describes O0-planes [21, 22, 23]. To get SU(2)/U(1) coset
WZW model, we have to identify by the shift of the coordinate χ+ϕ in the term of appendix
B. In the D-brane case, the geometry of A-branes in parafermionic theory can be obtained
by projecting U(1) sector; D2-brane wrapping the conjugacy class becomes the line segment
with the corresponding length and D0-brane becomes D0-brane again at the boundary of the
disk. Therefore the crosscap state we are dealing with can be identied as O0-planes at the
boundary of the disk.
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(1) A-orientifold (2) B-orientifold
Figure 4: The geometry of one family of orientifolds which are followed by the solution (2.15)
in parafermionic theory. (1) A-type orientifolds of (2.15) describe O0-planes at the boundary
of the disk. (2) B-type orientifold can be obtained by Zk orbifold and T-duality just as
B-branes. It is O0-plane at the center of the disk.
Next let us consider the Mo¨bius strip amplitudes with B-type branes (4.16). In the
construction of B-type branes, we have chosen the Ishibashi states with n = 0 by using the
spectral flow (4.2), thus we have to care about this identication. By changing the domain
of PF (k), we can rewrite the crosscap state (4.28) as

















− j, n+ kiI

 . (4.33)
By using this form of the crosscap states, we can now calculate the amplitudes as







j (q) , (4.34)
where χ^
′′















j′ (τ,−τ)/χND(τ) . (4.35)
We have already seen that we can construct the other type of boundary states, which
are called as B-type boundary states and constructed by using Zk orbifold procedure and
T-duality. Just as the crosscap states of U(1) WZW models, we can get the B-type crosscap
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states in parafermionic theory by the same procedure. The invariant crosscap states under


























jOA, j, 0iI . (4.36)
Since there is a subtlety of the spectral flow identication, we used the A-type crosscap states











jOB, j, 0iI , (4.37)
where B-type Ishibashi crosscap states are dened by the same way as B-type Ishibashi
boundary states. The orientifold projection given by this crosscap state can be seen by the
Klein bottle amplitude
K = ChOB, 0j~qHcjOB, 0iC =
∑
(j,n)2PF (k)
Y j0,0 χj,n(q) . (4.38)
The geometry of B-type orientifold can be seen by the sigma model description and the
scattering with the closed string states given in appendix B. Both results show that this
orientifold is O0-plane located at the center of the disk as gure 4.
The Mo¨bius strip amplitudes with the boundary states can be obtained just as A-type
crosscap states. The amplitudes with B-type boundary states are given by






and the amplitudes with A-type boundary states are obtained as







j (q) , (4.40)
where we use the character χ^
′′
j (q) dened above (4.35).
As we saw in section 2, there is the other type of crosscap states (2.22). In SU(2) WZW
model, this type of crosscap state corresponds to O2-plane at the equator of S3 [21, 22, 23].
4We assume that k is even. In odd k case, we sum over odd mˆ states just as U(1) case.
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Therefore this type of crosscap states should represent O1-planes across the center of the disk.
We can construct B-type crosscap state form this type of A-orientifolds by Zk orbifold and
T-duality and this orientifold can be identied as O2-plane wrapping the whole disk. From
now on we will call this type of orientifolds obtained by using the simple current technique
as A’-type orientifolds and B’-type orientifold.










jOA, j, niI . (4.41)
The orientifold projection can be seen by the Klein bottle amplitudes







χj,0(q) + Ek(−1)(k+nˆ)/2χk/4,k/2(q) , (4.42)
which are almost same as the previous ones of A-type orientifolds in spite of the dierence of
the geometry. The Mo¨bius strip amplitudes with A-type branes can be obtained as

















From this equation, we can see that this type of orientifolds reflect at the opposite boundary
points of the disk, since the annulus amplitudes with image branes are given by







In fact, the geometry of the A’-type orientifolds is determined in appendix B and we show
that the orientifolds are O1-planes connecting the opposite boundary points of the disk as
gure 5. The Mo¨bius strip amplitudes with B-type branes can be obtained as










j (q) , (4.45)
by using the character (4.35).
We can also obtain B’-type crosscap state by Zk orbifold procedure and T-duality and














jOB, j, 0iI . (4.46)
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(2) B’-orientifold(1) A’-orientifold
Figure 5: The geometry of the other family of orientifolds which are constructed by applying
the simple currents (2.22) in parafermionic theory. (1) A’-type orientifolds of (2.22) are O1-
planes crossing the disk. (2) B’-type orientifold can be also obtained by Zk orbifold and
T-duality . It is O2-plane wrapping the whole disk.
The Klein bottle amplitude between this crosscap state is












The geometry of this orientifold can be also determined by scattering with the closed string
states in appendix B. There we show that this orientifold is O2-plane wrapping the whole
disk as gure 5, which is sharply contrast to the previous B-type orientifold. The Mo¨bius
strip amplitudes with B-type branes are given by









and the amplitudes with A-type branes are obtained as










j (q) , (4.49)
where we again use the character (4.35).
In summary, we have constructed four types of orientifolds. We have shown that A-type
orientifolds are O0-planes at the boundary of the disk and B-type one is O0-plane at the
center of the disk. A’-type ones are O1-planes connecting the boundary points and B’-type
one is O2-plane wrapping the whole disk. In this section, we investigate all amplitudes with
crosscap states in parafermionic theory and all spectrum in the direct channel have integer
degeneracies. Just as the U(1) case, this is the important consistency check.
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5 Super SU(2)/U(1) WZW Models and Orientifolds
To apply to superstring theories or to analyze the instability, we have to extend the
previous analysis to the supersymmetric one. Although N = 1 supersymmetry is included in
super parafermionic theory, the supersymmetry is enhanced to N = 2. We study the closed
strings and D-branes in super parafermionic theory in the next section and the orientifolds
in section 5.2. The construction of orientifolds can be proceeded just as the bosonic case and
we get the similar results.
5.1 Super SU(2)/U(1) WZW models and D-branes
This theory is known as N = 2 minimal model and is given by SU(2)k  U(1)2/U(1)k+2
coset WZW models. The Hilbert space of super parafermionic theory is given by the decom-
position as
HSU(2)j,n ⊗HU(1)2s = HSPFj,n,s ⊗HU(1)k+2n , (5.1)
where the labels run j = 0, 1/2,    , k/2, n 2 Z2k+4 and s 2 Z4. The states with s = 0, 2 are
in the NS sector and the ones with s = 1, 3 are in the R sector. Just as the bosonic case,




and the restriction of the label 2j+n+ s 2 2Z. We will call the distinct irreducible represen-
tation of super parafermionic theory as SPF (k) and the characters as χj,n,s(q). The lowest





















2j  n− s  2k − 2j ,
(5.3)
and the conformal weights of the elds outside this region can be obtained by making use of
















































We will use the orbifold procedure as Zk+2  Z2 symmetries which is generated by g21g2  g2.
Let us study D-branes in super parafermionic theory. A-type Cardy states can be con-
structed by the usual way as






jA, j, n, siI , (5.8)
where jA, j, n, siI are Ishibashi states in super parafermionic theory. The geometry of A-
branes can be seen as follows. The target space of super parafermionic theory is the disk
with fermions and it is convenient to use the disk with 2k + 4 special points by making use
of the bosonized fermions [33]. Then the geometry of D-brane described by jA, j^, n^, s^i can
be determined as D1-brane, which is the straight line connecting 4j^ + 2 separated points.
The label n^ can be changed by the Zk+2 rotation of the disk. The label s^ means the spin
structure and the states with s^ and s^+ 2 describes the D1-branes with opposite orientation.
The annulus amplitudes are given by











where we use the fact that the bra state ChA, j^, n^, s^+ 2j has the same orientation with
jA, j^, n^, s^iC . We should note that RR states in the closed channel have the factor (−1)s
in the annulus amplitudes between the same branes. We can see that there is no tachyon in
the open string spectrum of the annulus amplitudes between the same branes.
B-type Cardy states are similarly constructed by using Zk+2  Z2 orbifold and T-duality.
The orbifold procedure restricts the labels of Ishibashi states to n = 0, k+ 2 and s = 0, 2 and
we will only use n = 0 states by using the spectral flow identication (5.2). T-duality converts
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from A-type Ishibashi states to B-type ones. The A-type Ishibashi states can be obtained by
the decomposition
jjiSU(2)kI ⊗ jA, siU(1)2I =
2k+3∑
n=0
jA, j, n, siSPFI ⊗ jA, niU(1)k+2I , (5.10)
and we can apply T-duality just as the bosonic case by making use of the operator exp(piiJ10 )
as




jB, j, n,−n, s,−siSPFI ⊗ jB, n,−niU(1)k+2I , (5.11)
where jB, r,−riU(1)I are dened by (3.10).
Now we can construct B-type Cardy crosscap states as










jB, j, 0, 0, s,−siI , (5.12)
and these states represent D2-branes at the center of the disk. Since we sum over only
s = 0, 2, the label of the distinct states can be given by s^ = 0, 1, which corresponds to the
spin structure. The label n^ is only used to be survived by the selection rule 2j^ + n^+ s^ 2 2Z.
Therefore there are j^ = 0, 1/2,    , (k−1)/4 states with odd k. In even k case, there is j^ = k/4
state in addition to j^ = 0, 1/2,    , (k − 2)/4 states. The general j^ states are non-orientable
and does not have RR charges. In fact they are unstable because there are tachyons in the
open string spectrum of the annulus amplitudes between B-type Crosscap states







jˆ,jˆ′ )χj,n,s(q) . (5.13)
On the contrary, the state with j^ = k/4 is orientable and has RR charge, moreover they are
free of tachyons in the open string amplitudes between this boundary state. The detailed
analysis was given in [33], however we do not deal with this states for simplicity.
The annulus amplitudes between A-type and B-type branes can be obtained by using the
overlaps between A-B Ishibashi states as
IhA, j, 0, 0j~qHcjB, j0, 0, 0iI = δj,j′χSU(2)j (−1/τ, 1/2) . (5.14)
The character χND as in (4.19) does not appear since there are the U(1) sectors in the both
sides of the equation (5.10). Thus the amplitudes are given by







j (τ, τ/2) , (5.15)
which are independent with the labels n^, n^0, s^ and s^0.
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5.2 Crosscap states in Super SU(2)/U(1) WZW Models
The crosscap states in super parafermionic theory can be constructed just like the bosonic






























The last term of (5.16) is included because of the spectral flow identication just as (4.26).
A-type orientifolds can be obtained by the solution (2.15) as





jOA, j, n, siI , (5.18)
where jOA, j, n, siI are Ishibashi crosscap states in super parafermionic theory. These states
represent O0-planes at the opposite points of the boundary. We can calculate the Klein bottle
amplitudes as














We should note here that the bra state hA, j^, n^, s^+ 4jC corresponds to the same brane de-
scribed by the ket state jA, j^, n^, s^iC . If we apply to superstring theories, one might be able
to remove tachyons by combining the states with dierent s^.
The Mo¨bius strip amplitudes with A-type branes are given by






and the amplitudes with B-branes are obtained as







j (q) , (5.21)
where the characters are dened just like the bosonic case (4.35) as
χ
′′′
j (q) = e
piikτ/2χ
SU(2)
j (τ,−τ) . (5.22)
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The construction of B-type orientifolds can be proceeded by Zk+2  Z2 orbifold and T-
duality as before. The orbifold procedure restricts the labels of Ishibashi states as (n, s) =
(0, 0). T-duality makes B-type Ishibashi states from A-type Ishibashi states just as the B-type
boundary states. The result is given by





jOB, j, 0, 0iI , (5.23)
which is the O0-plane at the center of the disk. The orientifold projection is given by taking
the right-mover of the diagonal modular invariant (5.6) with phases as
K = ChOB, 0j~qHcjOB, 0iC =
∑
(j,n,s)2SPF (k)
Y j0,0 χj,n,s(q) . (5.24)
There are tachyons in the direct channel spectrum of the amplitude. These tachyons are
related to the fact that we are dealing with the system with the diagonal modular invariant
(5.6). Therefore if we apply the correct GSO projections we can remove these tachyons and
make the system stable.
Furthermore we can calculate the Mo¨bius strip amplitudes with the boundary states in
super parafermionic theory. The Mo¨bius strip amplitudes with B-type branes can be given
by






and the amplitudes with A-type branes are obtained by using the characters (5.22) as







j (q) . (5.26)
A’-type orientifolds which are constructed by applying the simple current technique are
given by the solution (2.22) as
jOA, k
2







jOA, j, n, siI , (5.27)
and these states represent O1-planes connecting the opposite points of the boundary. The
Klein bottle amplitudes can be computed as

















The Mo¨bius strip amplitudes are given as follows. The amplitudes with A-type branes are
given by
M = ChA, j^, n^, s^j~qHcjOA, k
2







and the amplitudes with B-branes are obtained as
M = ChB, j^, n^, s^j~qHcjOA, k
2








j (q) . (5.30)
B’-type orientifolds can by constructed by Zk+2Z2 orbifold and T-duality and we obtain
jOB, k
2






jOB, j, 0, 0iI , (5.31)
which is the O2-plane wrapping the disk. The orientifold projection is given by












which is the right-mover of the diagonal modular invariant (5.6) and this may be the most
natural orbifold projection. The Mo¨bius strip amplitudes with B-type branes can be given by









and the amplitudes with A-type branes are obtained as










j (q) . (5.34)
Finally we again emphasize that the spectrum in the direct channel of every amplitude
we calculated has only integer degeneracies. This is the important consistency condition and
all orientifolds we constructed satisfy this condition.
6 Conclusion
In this paper, the orientifolds of parafermionic theories are investigated. The D-branes in
parafermionic theories are analyzed in [33] and they determine the geometry of D-branes by
scattering with the closed string states. The geometry of orientifolds can be also determined
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by scattering the closed string states and we summarize in appendix B. The paper [33] also
construct the new types of branes which are called as B-type branes. In SU(2)k/U(1)k WZW
model, it can be seen that the Zk orbifold is T-dual to the original theory. Therefore we can
construct new type branes from the previously known branes which are called as Cardy type
branes or A-type branes.
The same method can be applied to the orientifolds of parafermionic theory. The Cardy
type orientifolds, which are called as A-type orientifolds, are constructed in [15, 16, 17, 18]
and expressed in terms of the simple currents [19, 20]. In our case there are A-type crosscap
states (4.28) and A’-type crosscap states (4.41), which are the solutions (2.15) and (2.22),
respectively. We can see that these orientifolds are O0-planes at the boundary of the disk
and O1-planes connecting the boundary points. Using Zk orbifold and T-duality, we can
construct B-type and B’-type orientifolds. B-type crosscap state is given by (4.37) and it
represents O0-plane at the center of the disk. B’-type crosscap state is given by (4.46) and it
represents O2-plane wrapping the whole disk. The extension to the supersymmetric case is
also discussed in section 5.
As we said in introduction, D2-branes in SU(2) WZW models can be thought of the bound
states of D0-branes [9, 10, 11, 12, 43, 44]. This can be used to dene the D-brane charges
and they can be classied by twisted K-theory [45, 46, 47, 48, 49]. Therefore it is interesting
to calculate the K-theoretic D-brane charges in the system with orientifolds of WZW models
just like flat space analysis [50]. The extension to the orientifolds of other backgrounds are
also interesting, for example, more general coset WZW models. The study of orientifolds of
AdS3 space seems important because the orientifolds wrap the twisted conjugacy classes as
pointed out in [23]. We might be able to nd the orientifolds wrapping the twisted conjugacy
classes in SU(N) WZW models.
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Appendix A Modular Transformations of Several Func-
tions






(1− qn) , (A.1)
where q = exp(2piiτ) and its modular transformation is















and their modular transformations are















′/kn′,k(τ, z) . (A.4)
The characters of SU(2)k current algebra are written by using theta functions as
χ
SU(2)
j (τ, z) =
2j+1,k+2 −−(2j+1),k+2
1,2 −−1,2 (τ, z) , (A.5)
and their modular transformations are
χ
SU(2)
j (τ + 1, z) = e
















j′ (τ, z) , (A.6)














Appendix B Geometry of Orientifolds
Let us rst examine the geometry of SU(2)k WZW model, whose target space is S
3. The








where 0  θ  pi, 0  ϕ  2pi and 0  χ  4pi. When analyzing D-branes in SU(2)k WZW
models, it is convenient to use the metric
ds2 = dψ2 + sin2 ψd2sS2 , (B.2)
because the maximally symmetric D-branes are located at ψ = const.
The parafermionic theory can be obtained by gauging U(1) sector of SU(2) currents. In
the term of Euler angle (B.1), this U(1) sector corresponds to the shift of χ + ϕ. Using
ρ = sin θ
2
and φ = 1
2
(χ−ϕ), the target space of parafermionic theory can be described as the





gs = gs(0)(1− ρ2)− 12 . (B.3)








(1− ρ02)− 12 , (B.4)
where ρ02 = (1− ρ2) and φ0  φ0 + 2pi/k. Thus we can see that the original theory is T-dual
to Zk orbifold and the center of the disk of the original theory corresponds to the boundary
of the disk.
The geometry of D-branes and orientifolds can be determined by scattering with the closed
strings [7, 33, 21] in the large k limit. Since the shape of D-branes in parafermionic theory








0 jj,m0i , hj,mjj,m0i = δm,m′ , (B.5)






The closed strings are well localized if we use j  k/2. As we said above, the geometry of
parafermionic theory can be obtained by gauging χ + ϕ. Thus we scatter the closed string
states jθ, φi, which satisfy
eiφmhj,mjeiθJ10 jj,−mi = 1p
2j + 1
hθ, φjj,m,mi . (B.7)
Now we can examine the geometry of orientifolds. We begin with A-type orientifolds
constructed (4.28) in parafermionic theory. In the large k limit, we can neglect the second
term of the crosscap states (4.33). We will use the states with n^ = 0 for simplicity and the
other states can be obtained by Zk rotation of the disk. The scattering amplitudes between
the A-type crosscap states and the closed string states are given by



























Evaluating the summation for small j, we get
ChOA, 0jθ, φi  δ(ψ^ − ψ(θ, φ)) , (B.10)
therefore we can see that the crosscap state describes O0-planes at φ = 0 and φ = pi in
the large k limit, see gure 4. The D-branes in the compact WZW models with nite k
are not exactly localized and are smeared out [7]. However the orientifolds are obtained
by the combination of Z2 orbifold and worldsheet parity transformation, hence the shape of
orientifolds should be sharply localized even in nite k. This is the remarkable contrast to
the shape of D-branes in nite k. The shape of orientifolds represented by A’-type crosscap




, then we get the same result (B.10)




. Thus the geometry of orientifold can be identied with the line
segment between φ = pi
2
and φ = 3pi
2
, see gure 5.
The geometry of B-type orientifolds can be seen by the sigma model description and they
are obtained by applying Zk orbifold procedure and T-duality to A-type orientifolds. Since
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A-type orientifolds are at the boundary of the disk, after summing the image branes and
applying T-duality, we get the orientifolds at the center of the disk, see gure 4. On the
other hand, A’-type orientifolds are the straight line across the center of the disk, we get the
orientifolds wrapping the whole disk after Zk orbifold procedure and T-duality as gure 5.
The same results can be obtained by scattering with the closed string states just as the case
of A-type orientifolds. First we investigate B-type crosscap state (4.37) which is constructed
by A-type orientifold (4.28). Using the Legendre polynomials Pj(cos θ) as
D j00 = hj, 0jeiθJ
1
0 jj, 0i = Pj(cos θ) , (B.11)
we can get
hOB, 0jθ, φi 
∑
j





 (cos θ − cos 2ψ^)√
cos θ − cos 2φ^
, (B.12)
where ψ^ = pi
2(k+1)
and c.c. means complex conjugate. We also used (z) as the usual theta
function (1 for z  0, 0 for others). The last line in the above equation can be obtained by




1− 2tx+ t2 . (B.13)
In the large k limit, ψ^ goes to zero, thus we can conclude that the B-type orientifold (4.37)
is O0-plane located at the center of the disk (ρ = sin θ
2
= 0) as gure 4. The shape of B’-
orientifold can be determined by the same way. The only thing we have to do is replacing








. Thus the B’-type orientifold (4.46)
can be identied as O2-plane wrapping the whole disk as gure 5.
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